Both the Capon and APES estimators can be shown to belong to the class of matched-lterbank spectral estimators and can be used to obtain complex spectral estimates that have more narrow spectral peaks and lower sidelobe levels than the FFT methods. It can also be shown that APES has better statistical performance than Capon. In this paper, we address the issue of how to e ciently implement Capon and APES for spectral estimation.
Introduction
Complex spectral estimation is important in a variety of applications including target range signature estimation and synthetic aperture radar (SAR) imaging. Both the Capon 1] and APES 2] methods are adaptive nite impulse response (FIR) ltering based approaches that can be used to obtain complex spectral estimates with more narrow spectral peaks and lower sidelobes than the conventional FFT methods 2].
It has been shown in 3] that both Capon and APES belong to the class of matched-lterbank spectral estimators. However, Capon is proven to be always biased downward whereas APES is unbiased (to within a second-order approximation) 3]. The theoretical results therein supplemented with the empirical observation that Capon usually underestimates the spectrum in samples of practical length while APES is nearly unbiased are believed to provide a compelling reason for preferring APES over Capon. However, the problem of how to e ciently implement Capon and APES has not been addressed carefully and the intuitive ways of implementing Capon and APES are computationally very expensive, especially for two-dimensional (2-D) spectral estimation from 2-D data sequences.
In this paper, we study how to implement Capon and APES e ciently. We will only consider 2-D spectral estimation since one-dimensional spectral estimation is just a special case of what we consider herein. We show that the amount of computation required by APES is about 1:5 times of that required by Capon. Furthermore, the e cient implementations of Capon and APES can signi cantly reduce the amount of computation needed by their intuitive implementations.
Problem Formulation
Let fz n; n ; n = 0; 1; ; N ? 1; n = 0; 1; ; N ? 1g denote a 2-D discrete-time data sequence. For a frequency pair (!; !) of interest, we model z n; n as z n; n = (!; !)e j(n!+ n !) + w n; n (!; !); n = 0; 1; ; N ? 1; n = 0; 1; ; N ? 1; (1) where (!; !) denotes the complex amplitude of a 2-D sinusoid with frequency (!; !) and w n; n (!; !) denotes the unmodeled noise and interference at frequency (!; !). The problem of interest is to obtain the estimate of (!; !) from the 2-D data sequence for all (!; !) of interest. In 2-D SAR imaging applications, for example, (!; !) would be proportional to the radar cross section of a target scatterer located at a range proportional to ! and cross-range proportional to !.
We will describe below the e cient implementation of APES in detail since the discussion can be easily extended to the e cient implementation of Capon. denoting the Kronecker product 4] and l; l (!; !) = h H (!; !)w l; l (!; !) with w l; l (!; !) formed from fw n; n (!; !)g in the same way as z l; l is formed from fz n; n g. Let h H (!; !)a M; M (!; !) = 1. Then the least squares estimate of (!; !) iŝ
and where J denotes the exchange matrix (with ones on the cross-diagonal and zero elsewhere) with appropriate dimensions, andz l; l = Jz L?l?1; L? l?1 , with ( ) denoting complex conjugate. By substituting (4) into (3), we obtain the APES estimate of (!; !): 
Again, for similar reasons as for APES, this intuitive implementation of Capon is computationally more involved than the e cient implementation of Capon proposed above.
Numerical and Experimental Examples
We present numerical and experimental examples comparing the performances of APES and Capon with 
Conclusions
We have presented computationally e cient ways of implementing both Capon and APES. We have shown that the amount of computation required by APES is about 1:5 times of that required by Capon.
Furthermore, the amount of computation required by our proposed approach is signi cantly reduced as compared to those needed by the existing intuitive methods. 
